b; Sattenspiel and Simon 1988; Sattenspiel and Castillo-Chavez 1990; Waldstatter 1989 ). Most of these studies (but not all) involve only one-sex populations. In this article, we are concerned exclusively with two-sex models for multigroup populations. We discuss models that support exponential solutions (homogeneous systems of order one) as well as models that only support bounded solutions.
First we introduce the Kendall/Keyfitz and Dietz/Hadeler model (homogeneous system of order one) and include a summary of its properties. Let ms (t) denote the population of single males at time t, fs ( t) the population of single females at timet, and p(t) the population of paired individuals (heterosexual pairings only) at time t. Furthermore, let J-lm and J-l f denote the per-capita removal rates due to death or other factors for males and females; let !3m, f3J denote the per-capita birth rates for males and females respectively; and let a-denote the per-pair separation rate. With these definitions, one easily derives the following demographic pair-formation model: Models that also incorporate nonlinear birth and separation processes for twosex homogeneously mixing populations are also being studied. To contrast the effects of mathematical homogeneity of order one, we revisit the extension of the system (2.1) introduced by Castilla-Chavez and Huang (1994) . This extension incorporates nonlinear birth and dissolution rates; in fact, it assumes that the birth rate (3 = (3(T) and the separation rate a= a(T) are functions of the total population T = ms +Is+ 2p. They also introduce the constants '"'f and 1-' "Y (0 < ' "Y < 1), representing the proportions of the male and female birth rates respectively. They arrive at the system:
where (3 and a are assumed to satisfy the following properties: 
Condition (2.3) implies that either the male growth rate or the female growth rate is negative, that is, either the total male population or the total female population vanishes and, consequently, so does the total paired population. From Condition (2.4)a it is not obvious that the population goes to zero because both maximum .
male and female reproductive numbers, --and , exceed one. How-
ever, Condition (2.4)b roughly implies that the growth rate for paired-individuals is negative and, therefore, the reproduction rates of male and female populations are sufficiently reduced so that extinction takes place.
Result B
For system (2.2) , if If the total population Tis small, then Condition (3.5) roughly implies that the average growth rates of male, female, and paired populations are positive. Under these circumstances, the total population persists and we expect the existence of at least one positive steady state. Generalizations of models (2.2) and (2.1) to heterogeneously mixing populations are the subject of further analysis in Sections 3 and 6 respectively.
Multiple Group Pair-Formation Model
The first general mathematical study of single group, two-sex pair-formation models was carried out by Hadeler and Nagoma (1990) and Hadeler et al. (1988) .
This analysis was extended to handle models with time delay effects (for example of models derived from pair formation models with age-structure, see Hadeler 1992 ).
However, there was no progress for multiple-group pair-formation models until the recent work of Lubkin and Castilla-Chavez (1993) and Lubkin et al. (1993) . The deterministic two-sex population pair-formation model with n subgroups that we formulate in this section generalizes some of the models of Lubkin and Castilla-Chavez (1993). Our modeling approach combines a property similar to (PF) with the two-sex mixing framework of Castilla-Chavez and Busenberg (1991).
We assume that the population under consideration can be stratified into n groups. The deterministic dynamics of a two-sex n-group pair-formation model can be described with the above definitions by the following system of differential equations: 
Thus, an increase of the type i female population will increase the total pair formation rate (Ci(m, f)mi) for type i males, and an increase in the population of any type of males/females will reduce/increase the per capita pair formation rate for males/females. Because (H) seems reasonable, we assume its validity throughout the rest of this article. This paper does not provide a complete analysis of the general pair-formation model (3.1). Section 4 discusses model (3.1), assuming constant recruitment rates and equal separation rates, while Sections 6-8 further relax these assumptions.
Pair-Formation Models with Constant Recruitment and Identical A verage Duration
First we study a relatively simple sub-model of system (3.1). We suppose that the separation rates O'ij are equal, that is,
We also assume that the recruitments Ai, A{, i = 1, · · · , n are constant. Using these assumptions and the new variables 
then n is positively invariant to the flow of ( 4.3) and any solution with initial value on the boundary of n will eventually enter inside of n. Hence, there is at least one equilibrium in the interior of n. This is the content of the following theorem:
Theorem 4.1 If (4.3) has only one equilibrium inn, then it is a global attractor ofn.
Proof. Let 
Then by using the hypotheses (H), we can see that the Jacobian matrix of (Gm,Gf)T at (m,f) is of the form
where wij E IR n X n' ( i' j = 1' 2) the off-diagonal entries of Wn' w22 are nonnegative, and W21, W12 are nonpositive matrices for (m, f) E n. Hence, System 
Remark:
Under hypotheses (H) it has not been possible to prove the existence of a unique positive equilibrium. In fact, we believe that multiple equilibria are possible. Nevertheless, Section 5 provides two examples where uniqueness can be established. 
Uniqueness of Stable Paired Distributions: Two Examples
Equations (5.3) and (5.5) yield that
Conversely, if T1 > 0, T2 > 0 satisfies Equation (5.6), then setting m;, ft as defined in (5.5) gives a solution of (5.2). Therefore, it is enough to prove that (5.6) has a unique solution.
To study the question of the uniqueness of equilibrium to (5.6), we consider the system of differential equations
System (5. 7) has a positively invariant set, which is an attractor of all points in JR~. Furthermore, a solution of (5.6) in JR~ must be an equilibrium of (5.7) in :E.
We claim that any equilibrium of (5. 
a.kT2
we conclude, from elementary ODE theory, that the equilibrium (Ti, T2) is locally asymptotically stable. Furthermore, since (5.7) is a competitive system, there are no periodic solutions in I: (Hirsch 1982 A similar result is obtained if the roles of male and female are reversed.
Remark 2
When System ( 4.1) has a unique positive equilibrium we can also obtain a useful relationship between the asymptotic solutions and the asymptotic mixing matrices: A stable pairing distribution. The argument goes as follows: from system ( 3.1) we notice that Pij, the number of pairs of type i male and type j females, satisfies the equation
Using the formula of variation of constants and letting t---+ oo, we obtain
Pij ( t) = Pij (O)e-(1-tm +~-tt+cr)t +it e
-(~-tm+~-tt+cr)(t-s)Ci(m(s), f(s))mi(s)Pij(m(s), f(s))ds
Ci(m*, f*)m;Pij (m*, !*)
where (mi, · · ·, m~) and Ui, · · ·, !~) denote the values of the unique positive equilibrium. It follows that and . 
Then we have stochastic independence.
Pair-formation Models with Constant Per-Pair Birth or Recruitment Rates
We now turn to the model ( 4.1) with nonconstant recruitments Ai, A{. Suppose that females and males have equal birth rates, 2k, and that a couple of a type i male and a type j female have the same probability of producing male and female offspring of a given type. Then under this assumption, Ai and A{ are given by Let us further assume that J-Lm = J-L 1 = J-L, then System ( 4.1) takes the form , f) , the per-capita pair-formation rate of i females and males are homogeneous functions of degree zero, that is, for any nonnegative number a, Then System ( 6.1) is a homogeneous system of degree one. Following Kendall (1949), Keyfitz (1949) , Fredrickson (1971) , McFarland (1972) , Pollard (1973) , and Dietz and Hadeler (1988) , we investigate the existence of nonnegative exponential solutions. Complete results (existence, uniqueness, and stability of solutions) have been studied by Dietz and Hadeler (1988) only for the one-group model given by System (2.1). This analysis is based on the monotonicity of System (2.1), a property that does not hold for System (4.1). Hence geometrical or topological methods cannot be readily applied. Algebraic methods become increasingly inefficient as the dimension of (6.1) increases rapidly with group size. Therefore, because there are no standard procedures for the study of System (6.1), we concentrate on the analysis of special cases.
Existence and Stability of Exponential Solutions
In this section we investigate the existence of special exponential solutions to System (6.1) as well as their stability using the functional forms defined in (5.1) for
Bi(m, f) and Ci(m, f).
If for each i, 1 ::::; i ::::; n, we let ~i = { (m, j, P, Q) E IR 4 n, mi 2:: 0, fi 2:: 0, Pi 2:: 0, Qi 2:: 0,
then ~i is a positively invariant set of (6.1). Furthermore, the orbits in ~i are given by solutions to the equations It is not difficult to verify that
We 
Let x + p = u and y + q = v. Then by adding the first equation to third and the second to the fourth in (7.2) respectively, we obtain the following expressions:
3) (7.4) (7.5) (7.6) 2,From (7.3) and (7.4) it follows that and u=v. (7.7) Moreover, (7.5) and (7.6) yield that p= . '
.Aj + 2f.l + a + aij b··u andq = i tJ \ + 2f.l + (J + bij (7.8) where zj = >.~ + J-L and h =a-+ J-L and to
A straightforward computation shows that
Hence, if we let Next explore the conditions under which System (6.1) has strictly positive exponential solutions (that is, with all positive components). We point out here that, as in the one group model (see Dietz and Hadeler 1988) , this type of exponential solution (with all positive components) does not necessarily exist. The problem of determining the number of strictly positive exponential solutions of System (7.1) and their trajectorally stability seems quite difficult. As a first step, we illustrate the complexities associated with this problem through the analysis of two-group models. 
The conditions under which System (8.1) has a strictly positive solution are stated in the following lemma: 
where h = fJ, + 0'. Furthermore, since
we have that z.From (7.10) and (8.3) we deduce that (8.4) and an application of the same argument to T2 leads to (8.5) l,From the continuity of )..i (T), (8.4) , and (8.5) there is aT* E (T1, T2) such that
The existence of strictly positive exponential solutions follows from Lemma 8.1. unique. However, our numerical analysis has only shown one intersection (see Figure   2 ).
Conclusions
In this article, we have formulated and partially analyzed pair-formation models for multiple groups with general pairing rates, arbitrary mixing probabilities, and constant recruitment rates. Despite the complexity of the system, the dynamics HUANG, W.
LI, J.
are relatively simple because of its monotonicity properties. If we assume that the average partnership durations are identical for all groups, we also compute the stable pairing distributions. We have also analyzed models with nonconstant recruitment ( that is, constant per-capita recruitment rates) that give rise to homogeneous systems of degree one. In this case the situation becomes more complicated, yet we are able to classify the stability of all nonstrictly positive boundary exponential solutions,. However, it is unclear to us what are necessary and sufficient conditions for the existence and stability of strictly interior exponential solutions. We cannot rule out oscillations. We feel that these mathematical problems are of enough relevance in demography, epidemiology, and population dynamics that they deserve further investigation and, consequently, we hope that mathematicians will become interested in them. 
